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Ïðåäèñëîâèå

Â îñíîâó äàííîãî ñáîðíèêà ëåãëè ïðàêòè÷åñêèå çàíÿòèÿ ïî äèñ-
öèïëèíå ¾Ìàòåìàòè÷åñêèé àíàëèç¿, êîòîðûå àâòîðû ïîñîáèÿ ïðî-
âîäÿò äëÿ ñòóäåíòîâ ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Áåëî-
ðóññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Àâòîðû òàêæå âêëþ÷èëè
â ñáîðíèê íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ, êîòîðûå ïðåäñòàâ-
ëÿþò âûäåðæêè èç êóðñà ëåêöèé ïî ¾Ìàòåìàòè÷åñêîìó àíàëèçó¿
îäíîãî èç àâòîðîâ [9].

Ïðåäëàãàåìàÿ ÷èòàòåëþ ÷. 2 ïîñîáèÿ ñîñòîèò èç ïÿòè ãëàâ.
Êàæäàÿ ãëàâà îáúåäèíÿåò íåñêîëüêî ðàçäåëîâ, êîòîðûå ïðèáëèçè-
òåëüíî ñîîòâåòñòâóþò îäíîìó ïðàêòè÷åñêîìó çàíÿòèþ.

Â êàæäîé ãëàâå ïîñîáèÿ âû íàéäåòå ïîäðîáíî ðàçîáðàííûå ïðè-
ìåðû ðåøåíèÿ òèïîâûõ çàäà÷, çàäàíèÿ äëÿ àóäèòîðíîé è ñàìîñòî-
ÿòåëüíîé ðàáîòû, êðàòêèå òåîðåòè÷åñêèå ñâåäåíèÿ ïî ìàòåìàòè÷å-
ñêîìó àíàëèçó, íåîáõîäèìûå äëÿ ðåøåíèÿ çàäà÷, à òàêæå çàäàíèÿ
ïîâûøåííîé ñëîæíîñòè.

Àâòîðû áëàãîäàðÿò ïðîôåññîðîâ Å.À. Ðîâáó è À.Ï. Ñòàðîâîé-
òîâà, à òàêæå äîöåíòà êàôåäðû ôóíäàìåíòàëüíîé è ïðèêëàäíîé
ìàòåìàòèêè Â.Ð. Ìèñþêà çà âíèìàòåëüíîå ðåöåíçèðîâàíèå äàííîãî
ïîñîáèÿ.

Áóäåì áëàãîäàðíû âñåì, êòî óêàæåò íà âîçìîæíûå íåòî÷íîñòè
â òåêñòå è âíåñåò ïðåäëîæåíèÿ ïî åãî óëó÷øåíèþ.

Ïîæåëàíèÿ, ïðåäëîæåíèÿ è çàìå÷àíèÿ ïðîñèì íàïðàâëÿòü ïî
ýëåêòðîííîìó àäðåñó: mardvilko@gmail.com



Ãëàâà 1

Èíòåãðàë Ðèìàíà

1.1. Ïîíÿòèå èíòåãðàëà Ðèìàíà

Ïóñòü çàäàí îòðåçîê [a, b] ⊂ R, ïðè÷åì a < b.
Ðàçáèåíèåì îòðåçêà íàçûâàåòñÿ ëþáîé óïîðÿäî÷åííûé íàáîð ðàç-

ëè÷íûõ òî÷åê èç ýòîãî îòðåçêà, âêëþ÷àþùèé åãî êîíöû:

Π := {a = x0 < x1 < . . . < xn = b}. (1.1)

Ðàíãîì ðàçáèåíèÿ íàçûâàåòñÿ ÷èñëî

λ = λΠ := max
1⩽k⩽n

(xk − xk−1) ,

õàðàêòåðèçóþùåå ñòåïåíü èçìåëü÷åíèÿ îòðåçêà ïðè åãî ðàçáèåíèè.
Ðàçáèåíèå Π îòðåçêà [a, b] äàåò åãî ïðåäñòàâëåíèå â âèäå îáúåäèíåíèÿ

[a, b] =
n⋃

k=1

[xk−1, xk] .

Îòðåçêè [xk−1, xk], k = 1, . . . , n, áóäåì íàçûâàòü ÷àñòè÷íûìè. Ðàíã ðàç-
áèåíèÿ õàðàêòåðèçóåò ñòåïåíü èçìåëü÷åíèÿ îòðåçêà òî÷êàìè ðàçáèåíèÿ.

Åñëè çàäàíî ðàçáèåíèå Π îòðåçêà [a, b] è íà êàæäîì ÷àñòè÷íîì îò-
ðåçêå çàôèêñèðîâàíà òî÷êà

ξk ∈ [xk−1, xk] , k = 1, . . . , n,

òî îáîçíà÷èì ξ = (ξ1, . . . , ξn) è ïàðó (Π, ξ) íàçîâåì ðàçáèåíèåì ñ îò-
ìå÷åííûìè òî÷êàìè.
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Åñëè çàäàíà ôóíêöèÿ f : [a, b] → R è ðàçáèåíèå (Π, ξ) îòðåçêà [a, b] ñ
îòìå÷åííûìè òî÷êàìè, òî ñóììà

s = s (Π, ξ) = sf (Π, ξ) :=
n∑

k=1

f (ξk) (xk − xk−1) (1.2)

íàçûâàåòñÿ èíòåãðàëüíîé ñóììîé Ðèìàíà ôóíêöèè f , ñîîòâåòñòâóþ-
ùåé ðàçáèåíèþ (Π, ξ) ñ îòìå÷åííûìè òî÷êàìè.

Ïóñòü ôóíêöèÿ f çàäàíà íà îòðåçêå [a, b]. ×èñëî I íàçûâàåòñÿ ïðå-
äåëîì èíòåãðàëüíûõ ñóìì, åñëè

∀ ε > 0 ∃ δ > 0 ∀ (Π, ξ) λΠ < δ =⇒ |sf (Π, ξ)− I| < ε. (1.3)

Êðàòêàÿ çàïèñü ýòîãî ñëåäóþùàÿ: I = lim
λ→0

s. ×èñëî I íàçûâàåòñÿ îïðå-

äåëåííûì èíòåãðàëîì Ðèìàíà ôóíêöèè f ïî îòðåçêó [a, b] è îáîçíà-
÷àåòñÿ

I =

bw

a

f(x) dx =

bw

a

f dx. (1.4)

Â ñëó÷àå ñóùåñòâîâàíèÿ èíòåãðàëà áóäåì ãîâîðèòü òàêæå, ÷òî ôóíê-
öèÿ f èíòåãðèðóåìà (ïî Ðèìàíó) íà [a, b]. Êëàññ âñåõ èíòåãðèðóåìûõ
íà [a, b] ôóíêöèé îáîçíà÷èì R[a, b].

Â îáîçíà÷åíèè îïðåäåëåííîãî èíòåãðàëà (1.4) a íàçûâàåòñÿ íèæíèì
ïðåäåëîì èíòåãðèðîâàíèÿ , b � âåðõíèì ïðåäåëîì èíòåãðèðîâà-
íèÿ, f � ïîäûíòåãðàëüíîé ôóíêöèåé, f(x) dx � ïîäûíòåãðàëüíûì
âûðàæåíèåì.

Îòìåòèì, ÷òî åñëè ôóíêöèÿ íå ÿâëÿåòñÿ îãðàíè÷åííîé íà [a, b], òî
ïðè ôèêñèðîâàííîì ðàçáèåíèè èíòåãðàëüíàÿ ñóììà ìîæåò áûòü ñäåëàíà
ñêîëü óãîäíî áîëüøîé çà ñ÷åò âûáîðà îäíîé èç îòìå÷åííûõ òî÷åê. Ïîýòî-
ìó â òàêîì ñëó÷àå ïðåäåë èíòåãðàëüíûõ ñóìì íå ñóùåñòâóåò è íåîãðàíè-
÷åííûå ôóíêöèè íå âõîäÿò â êëàññ R[a, b].

Äðóãèìè ñëîâàìè, îãðàíè÷åííîñòü ôóíêöèè f íà [a, b] ÿâëÿåòñÿ íåîá-
õîäèìûì óñëîâèåì èíòåãðèðóåìîñòè.

Ïóñòü ôóíêöèÿ f : [a, b] → R îãðàíè÷åíà íà [a, b], Π � ïðîèçâîëüíîå
ðàçáèåíèå îòðåçêà [a, b]. Âåëè÷èíû

s∗(Π) := inf
ξ

s(Π, ξ), s∗(Π) := sup
ξ

s(Π, ξ) (1.5)
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íàçûâàþòñÿ ñîîòâåòñòâåííî íèæíåé è âåðõíåé ñóììàìè Äàðáó äëÿ
f , îòâå÷àþùèìè çàäàííîìó ðàçáèåíèþ Π.

Ïðè çàäàííîì ðàçáèåíèè Π ñóììû Äàðáó ïîêàçûâàþò âîçìîæíóþ

ñòåïåíü ðàçáðîñà èíòåãðàëüíûõ ñóìì, ïîëó÷àåìóþ çà ñ÷åò ñâîáîäû â âû-

áîðå îòìå÷åííûõ òî÷åê ξk.

Ðåøåíèå òèïîâûõ çàäà÷

1. Äëÿ èíòåãðàëà
πw

0

sinx dx

íàéòè âåðõíèå è íèæíèå ñóììû Äàðáó, ñîîòâåòñòâóþùèå ðàçáèåíèþ
îòðåçêà [0,π]:

1) íà 3 ðàâíûå ÷àñòè;
2) íà 6 ðàâíûõ ÷àñòåé.

Ðåøåíèå. 1) Ðàçîáüåì îòðåçîê [0,π] íà 3 ðàâíûå ÷àñòè:

0 <
π

3
<

2π

3
< π.

Îáîçíà÷èì mk è Mk (k = 1, 2, 3) ñîîòâåòñòâåííî íàèìåíüøåå è íàè-
áîëüøåå çíà÷åíèå ôóíêöèè y = sinx íà k−ì ÷àñòè÷íîì îòðåçêå.
Çíàÿ ïðîìåæóòêè ìîíîòîííîñòè ôóíêöèé y = sinx, íàéäåì:[

0,
π

3

]
: m1 = sin 0 = 0, M1 = sin

π

3
=

√
3

2
;[

π

3
,
2π

3

]
: m2 = sin

π

3
=

√
3

2
, M2 = sin

π

2
= 1;[

2π

3
,π

]
: m3 = sinπ = 0, M3 = sin

2π

3
=

√
3

2
.

Èòàê, íèæíÿÿ ñóììà Äàðáó

s3 =

3∑
k=1

mk∆xk =
π

3

(
0 +

√
3

2
+ 0

)
=
π
√
3

6
≈ 0, 907,
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âåðõíÿÿ ñóììà Äàðáó

S3 =

3∑
k=1

Mk∆xk =
π

3

(√
3

2
+ 1 +

√
3

2

)
=
π
(√

3 + 1
)

3
≈ 2, 86.

2) Ðàçîáüåì îòðåçîê [0,π] íà 6 ðàâíûõ ÷àñòåé:

0 <
π

6
<
π

3
<
π

2
<

2π

3
<

5π

6
< π.

Íàéäåì íàèìåíüøåå è íàèáîëüøåå çíà÷åíèå ôóíêöèè íà êàæäîì
÷àñòè÷íîì îòðåçêå:[

0,
π

6

]
: m1 = sin 0 = 0, M1 = sin

π

6
=

1

2
;[π

6
,
π

3

]
: m2 = sin

π

6
=

1

2
, M2 = sin

π

3
=

√
3

2
;[π

3
,
π

2

]
: m3 = sin

π

3
=

√
3

2
, M3 = sin

π

2
= 1;[

π

2
,
2π

3

]
: m4 = sin

2π

3
=

√
3

2
, M4 = sin

π

2
= 1;[

2π

3
,
5π

6

]
: m5 = sin

5π

6
=

1

2
, M5 = sin

2π

3
=

√
3

2
;[

5π

6
,π

]
: m6 = sinπ = 0, M6 = sin

5π

6
=

1

2
.

Èòàê, íèæíÿÿ ñóììà Äàðáó

s6 =

6∑
k=1

mk∆xk =
π

6

(
1 +

√
3
)
≈ 1, 43,

âåðõíÿÿ ñóììà Äàðáó

S6 =

3∑
k=1

Mk∆xk =
π

6

(
3 +

√
3
)
≈ 2, 48.
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Îòìåòèì, ÷òî

s3 < s6 <
w π
0
sinx dx < S6 < S3.

2. Âû÷èñëèòü ïî îïðåäåëåíèþ ñëåäóþùèå èíòåãðàëû:

1)

1w

0

x dx; 2)

2w

1

dx

x
; 3)

bw

a

dx

x2
, b > a > 0.

Ðåøåíèå. Çàìåòèì, ÷òî âñå òðè ïîäûíòåãðàëüíûå ôóíêöèè
íåïðåðûâíû íà îòðåçêàõ èíòåãðèðîâàíèÿ, ñëåäîâàòåëüíî, èíòåãðè-
ðóåìû. Èíòåãðàë Ðèìàíà íå çàâèñèò îò ñïîñîáà ðàçáèåíèÿ îòðåçêà
èíòåãðèðîâàíèÿ íà ÷àñòè è âûáîðà îòìå÷åííûõ òî÷åê íà êàæäîì
÷àñòè÷íîì îòðåçêå.

1) Ïî îïðåäåëåíèþ

1w

0

x dx = lim
λ→0

n∑
k=1

ξk∆xk,

ãäå λ = max
1⩽k⩽n

{∆xk}, 0 = x0 < x1 < . . . < xn = 1, ∆xk = xk−xk−1,

k = 1, 2, . . . , n.
Ðàçîáüåì îòðåçîê [0, 1] íà n ðàâíûõ ÷àñòåé òî÷êàìè:

xk =
k

n
, k = 1, 2, . . . , n.

Ðàíã ðàçáèåíèÿ

λ = max
1⩽k⩽n

{∆xk} =
1

n
→ 0, n → ∞.

Âûáåðåì ξk =
k

n
� ïðàâûå êîíöû ÷àñòè÷íûõ îòðåçêîâ.

Ñîñòàâèì èíòåãðàëüíóþ ñóììó:

σn =

n∑
k=1

k

n
· 1
n
=

1

n2

n∑
k=1

k =
1

n2
· 1 + n

2
· n =

1 + n

2n
.
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Ïî îïðåäåëåíèþ

1w

0

x dx = lim
λ→0

σn = lim
n→∞

1 + n

2n
=

1

2
.

2) Ðàçîáüåì îòðåçîê [0, 1] íà n ÷àñòåé òî÷êàìè, îáðàçóþùèìè
ãåîìåòðè÷åñêóþ ïðîãðåññèþ:

x0 = 1, x1 = q, x2 = q2, . . . , xn = qn = 2.

Ñëåäîâàòåëüíî, q = n
√
2, à äëèíà ÷àñòè÷íîãî îòðåçêà

∆xk = qk − qk−1 = qk−1(q − 1) = 2
k−1
n

(
2

1
n − 1

)
.

Ðàíã ðàçáèåíèÿ

λ = max
1⩽k⩽n

{∆xk} = 2
n−1
n

(
2

1
n − 1

)
→ 0, n → ∞.

Â êà÷åñòâå ξk âîçüìåì ñåðåäèíû ÷àñòè÷íûõ îòðåçêîâ:

ξk =
xk + xk−1

2
=

qk + qk−1

2
.

Ñîñòàâèì èíòåãðàëüíóþ ñóììó:

σn =

n∑
k=1

1

ξk
·∆xk =

n∑
k=1

2

qk−1(q + 1)
qk−1(q − 1) =

= 2n
q − 1

q + 1
= 2n

n
√
2− 1

n
√
2 + 1

.

Ïî îïðåäåëåíèþ èíòåãðàëà Ðèìàíà

2w

1

dx

x
= lim
λ→0

σn = 2 lim
n→∞

n
n
√
2− 1

n
√
2 + 1

= 2 lim
n→∞

1

2
n
1

n
ln 2 = ln 2.
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3) Ðàññìîòðèì ïðîèçâîëüíîå ðàçáèåíèå îòðåçêà [a, b]:

a = x0 < x1 < . . . < xn = b.

Â êà÷åñòâå òî÷åê ξk âîçüìåì

ξk =
√
xkxk−1, k = 1, . . . , n.

Ñîñòàâèì èíòåãðàëüíóþ ñóììó:

Sn =
n∑

k=1

1

ξ2k
∆xk =

n∑
k=1

xk − xk−1

xkxk−1
=

=
n∑

k=1

(
1

xk−1
− 1

xk

)
=

1

x0
− 1

xn
=

1

a
− 1

b
.

Ïî îïðåäåëåíèþ èíòåãðàëà Ðèìàíà

bw

a

dx

x2
= lim
λ→0

σn =
1

a
− 1

b
.

3. Íàéòè ïðåäåëû:

1) lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ . . .+

1

n+ n

)
;

2) lim
n→∞

(
n

(n+ 1)2
+

n

(n+ 2)2
+ . . .+

n

(2n)2

)
.

Ðåøåíèå. 1) Çàìåòèì, ÷òî âûðàæåíèå

1

n+ 1
+

1

n+ 2
+ . . .+

1

n+ n
=

1

n

 1

1 +
1

n

+
1

1 +
2

n

+ . . .+
1

1 +
n

n


ÿâëÿåòñÿ èíòåãðàëüíîé ñóììîé äëÿ ôóíêöèè f(x) =

1

x
íà îòðåçêå

[1, 2], ðàçáèòîì íà n ðàâíûõ ÷àñòåé, ñ òî÷êàìè ξk (k = 1, . . . , n) �
ïðàâûìè êîíöàìè ÷àñòè÷íûõ îòðåçêîâ.
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Ñëåäîâàòåëüíî,

lim
n→∞

(
1

n+ 1
+

1

n+ 2
+ . . .+

1

n+ n

)
=

2w

1

dx

x
= ln 2.

2) Ïðåîáðàçóåì âûðàæåíèå ïîä çíàêîì ïðåäåëà:

n

(
1

(n+ 1)2
+

1

(n+ 2)2
+ . . .+

1

(2n)2

)
=

=
1

n

 1(
1 +

1

n

)2 +
1(

1 +
2

n

)2 + . . .+
1(

1 +
n

n

)2

 .

Ïîñëåäíÿÿ ñóììà ÿâëÿåòñÿ èíòåãðàëüíîé ñóììîé äëÿ ôóíêöèè

f(x) =
1

x2
íà îòðåçêå [1, 2], ðàçáèòîì íà n ðàâíûõ ÷àñòåé, ñ òî÷-

êàìè ζk (k = 1, . . . , n) � ïðàâûìè êîíöàìè ÷àñòè÷íûõ îòðåçêîâ.

Ñëåäîâàòåëüíî,

lim
n→∞

(
n

(n+ 1)2
+

n

(n+ 2)2
+ . . .+

n

(2n)2

)
=

2w

1

dx

x2
=

1

1
− 1

2
=

1

2
.

4. Âû÷èñëèòü èíòåãðàëû, èñïîëüçóÿ ãåîìåòðè÷åñêèé ñìûñë èí-
òåãðàëà Ðèìàíà:

1)

3w

0

√
9− x2 dx; 2)

πw

0

sin 2x dx.

Ðåøåíèå. 1) Ãðàôèêîì ôóíêöèè

y =
√
9− x2, x ∈ [0, 3],

ÿâëÿåòñÿ äóãà îêðóæíîñòè, ëåæàùàÿ â ïåðâîé êîîðäèíàòíîé ÷åò-
âåðòè.
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Èç ãåîìåòðè÷åñêîãî ñìûñëà èíòåãðàëà Ðèìàíà ñëåäóåò, ÷òî èñ-
êîìûé èíòåãðàë ÷èñëåííî ðàâåí ïëîùàäè êðèâîëèíåéíîé òðàïåöèè
(ðèñ. 1.1), îãðàíè÷åííîé êðèâûìè:

y =
√
9− x2, y = 0 (0 ⩽ x ⩽ 3), x = 0.

x

y

O−3 3

3 f(x) =
√
9− x2

Ðèñ. 1.1

Ñëåäîâàòåëüíî,

3w

0

√
9− x2 dx =

1

4
π · 32 = 9π

4
.

2) Èç ñâîéñòâà àääèòèâíîñòè èíòåãðàëà Ðèìàíà

πw

0

sin 2x dx =

π/2w

0

sin 2x dx+

πw

π/2

sin 2x dx = J1 + J2.

Èíòåãðàë J1 ÷èñëåííî ðàâåí ïëîùàäè êðèâîëèíåéíîé òðàïåöèè
T1, à èíòåãðàë J2 � ïëîùàäè T2, âçÿòîé ñî çíàêîì ìèíóñ (ðèñ. 1.2).
Ïîñêîëüêó ïëîùàäè T1 è T2 ðàâíû, òî

πw

0

sin 2x dx = 0.
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