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PREFACE

While creating this training manual, the authors set several goals:
firstly, to give a significant number of problems (sample and original)
that would sufficiently reflect the essence of basic mathematical con-
cepts; secondly, to provide the necessary theoretical information for
their solving; thirdly, to give the solution of the main types of problems
on each topic; fourth, to distribute the set of tasks proposed for the
solution into three levels of complexity. All these goals determined the
structure of the book.

The training manual “Mathematics in problems and tasks” consists
of 14 chapters, each of which is subdivided into sections. Each section
contains theoretical information on mathematics, including defini-
tions, statements, theorems and formulas. The theory is accompanied
by solved typical examples with explanations. The tasks to be solved by
students are categorised into three levels of difficulty, and answers are
given to control the correctness of their solutions.

The training manual allows to implement a differentiated approach
in teaching: each student can solve tasks of an accessible level of com-
plexity. This book can be used in studying in various specialities of the
higher vocational system with curricula of the discipline “Mathema-
tics”, “Linear algebra and analytical geometry”, “Mathematical analy-
sis”, “Higher mathematics”.

The proposed structure of this training manual makes it possible to
study mathematics independently.

The book is addressed to foreign students of higher education insti-
tutions in technical and economic specialities.

The authors hope that the proposed book will contribute to the ac-
tivation of students mental activity and increase the effectiveness of the
mathematics teaching process.

Please send all feedback and suggestions to the following address:
“Brrmaiimas mkoJa” publishing house, Pobediteley Ave., 11, 220004,
Minsk; e-mail: info@vshph.com

The authors



Chapter 1. GATEWAYS TO MATHEMATICS

1.1. Sets and operations on them. Number sets

A set is an indefinable primary concept. Sets are indicated by capi-
tal letters A, B, C, X, ...of the Latin alpabet. Set can be characterised as

oo

a group (multitude, family, e.t.c.) of elements,
which have the same properties. Sets are rep-
resented by Euler — Venn’s diagrams (circles)
(Fig. 1.1).

If element a belongs to set A, then write
ac A; if element a does not belong to set A,
then write a ¢ A.

A set can be the one with the indication of

its elements (for example, 4 = {1, 3, 8}) or speci-

fying a characteristic property (for example, if
B consists of elements x for which the property
P(x) is executed, then write B = {x | P(x)}).

If each element of set A can also be found
in set B, then set A4 is called subset of set B (or
set A included in B), writing Ac B (or B> A)
(Fig. 1.2). Two sets A, B are equal (A= B), if
both of them consist of equal elements: A= B
then and only then, when A c B and Bc A. If
A c Bor A= B then write A c B. A set without
any element is called empty and is indicated by
the symbol .

The main operations on sets include union,
intersection, difference, complement.

A set AU B, consisting of all the elements
that belong to set A, or to set B (at least to one
of the sets A, B) is called the union of sets A, B
(Fig. 1.3).

A set An B, consisting of all the elements
that belong to both set A and set B is called the
intersection of sets A, B (Fig. 1.4).

A set, consisting of all the elements that be-
long to set 4 and do not belong to set B is
called the difference of sets A\ B (Fig. 1.5).



The complement A of set A up to the (universal)
set Uis defined by equality A =U \ A (Fig. 1.6).

Properties of operations on sets

The following properties are true for arbi- i
trary sets A, B, C:

1) AuB=BuUA— commutativity of the
union;

2) AN B= BN A— commutativity of the intersection;

3) Au(BuUC)=(Au B)u C — associativity of the union;

4) An (BN C)=(An B)"C — associativity of the intersection;

SYAuBNC)=(AuB)N(AULC0),

AN(BUC)=(An B)u(AnNC) — distributivity;

6) AN(BNC)=(A\ B)u(A4\0);

7) AN(BUC)=(A\ B)n(A\();

8y AnB= AU B,;

9 AUB=ANB.

May m(A), m(B) be the number of elements of sets 4 and B respec-
tively, then the formula is valid:

m(A U B)=m(A)+m(B)—m(AN B). (1.1)
Number sets

N= {1, 2,3, } — Set of natural numbers.
Z={.,—2,-1,0,1,2,..} — Set of integers.
Q — Set of rational numbers: this is the set of all ordinary fractions

m
—,wheremeZ,neN;
n

set Q is also defined as the set of all infinite periodic decimals.

I — Set of irrational numbers: this is the set of all infinite non-peri-
odic decimals.

R — Set of real numbers: R=QuU L

The following ratios are correct

NcZcQcRcC, IcR, QnI=@.

The product of the first n natural numbers is called factorial, a spe-
cial character has been entered for it:

n'=12--n
By definition they accept 0!=1.
B Chapter 1 9



The following concepts are defined for every x e R:
[x] — the entire of number x (or whole part), is defined as an integer
such that

[x]<x<[x]+1;

{x} — the mantissa of number x (or fractional parf), is defined by
equality

{x}=x-[x].
The signum (or sing of a number), is defined as follows:
1, if x>0,
signx =14 0, if x=0,
—1, if x<0.
Ifa, a,, ..., a, are some real numbers, then the sum of these quan-

tities is denoted by using the sum sign:

n
Ya =a+a,+..+a,
k=1

where k — summation index.

Sum properties

n n
1. Zak = Z a, — the sum does not depend on which letter indi-
k=1 p=l
cates the summation index.

2. Z(c a,) —cZak,wherec—const
k=1 k=1
n

3. Z_:(ak+bk) Zak+2bk
n—1

et
= Z a,_, Z a,,, — the “shift” property of the summa-

nM: |

tion mdex.

To prove the truth of some statement A(#) for all values of the natu-
ral variable n, on which it depends (starting from #n,, n, € N), the math-
ematical induction method is often used. To do this, you need to under-
take the following three steps:

1) check the truth A(n,) by direct verification;

2) assume that A(k) is true for any k > ny;

3) prove that A(k +1)is true forall k e N, k 2> n,

10



Sample problems
Problem 1. Prove equality
A\(A\B)=A4NB. (1.2)

Proof Letxe A\ (A \ B). According to the definition of the dif-
ference, we obtain xe 4 and x ¢ (A \ B). Since both these conditions
are satisfied, this is possible only in the case x € B. We obtain that x € 4
and x € B, i.e. x € AN B. By this we have proved that

(A\(A\ B))c (AN B). (1.3)

Let us assume that xe(An B). This means that x&(A4\ B).
The two conditions x€ A4 and x € B which take place mean that
xe(A\(4\B)),i.e.

(AN B)c(A\(A\ B)). (1.4)

The equality (1.2) is proved, since the inclusions (1.3) and (1.4) are
established.

Problem 2. There are 200 first course students: 175 of them passed
the maths test in a timely manner, 185 people passed the physics test,
10 people did not pass the test either in math-
ematics or physics. Determine how many stu-
dents have passed both tests.

Solution. Let U be the set of all stu-
dents of the course; A is the set of students
who passed the test in mathematics, B — in
physics (Fig. 1.7).

According to the problem condition
m(U) =200, m(A) =175, m(B) =185, m(U \ (Au B)) =10 and we need
to find m(A N B).

We find how many people have passed at least one test:

Fig. 1.7

m(Av B)y=m(U)—m(U \ (AU B))=200—10=190.
Next we use the formula (1.1) from which we express
m(An B)=m(A)+m(B)—m(Au B).
We get

m(An B)=175+185—190=170.
B Chapter 1 11



Q2n—1)1+2n)!

Problem 3. Shorten the fraction Qnt1)!

Solution. Let’s highlight the common factor in the numerator
and denominator. Obviously,

2nm)!=1-2---Qn—1)-2n=2n—1)2n,
Rn+D!=1-2---Q2n—1)-2n(2n+1)=2n—1)!2n)(2n+1).

Therefore
Cn—D!I+C2n)! _ Cn—-DIA+2n) 1
2n+1)! Q2rn—=D'2n)2n+1) 2n
ol
Problem 4. Calculate the sum Z TE
n=l1 .

Solution. Let’s write down the summands sequentially, giving »
values 1, 2, ..., 7 to the variable:

n 1 3
2

oy _ e Lo ol Lo b L7
m(n—1! 0! 1! 2! 3! 4! 5!

=+

H
G Gt O o G R e A )
6! 0! 1! 2! 3! 4! 5! 6!

111 11
=l—l—mt ot —
26 24 120 720

After calculating we come to the answer:

o
“Z -1 720

Problem 5. Prove the validity of the formula
143+5+...+Q2n—1)=n’ (1.5)

forany ne N.
Solution. To solve this problem we will use mathematical induc-
tion method.

12



1. We check the validity of equality (1.5) when #=1. To do this we
assume that » =1 in equality (1.5). The left part of the equality consists
of one term:

Q- 1-)=1~

That means that1 =1
2. Let’s assume that the statement (1.5) is true for n=4k, k €N,
k>1,ie.

1+3+5+...+Qk—1) =k (1.6)

3. To prove the validity of formula (1.5) for n =k +1. We consider
the left side of equality (1.5) when n = k +1 and transform it:

14345+ +Qk—1)+Qk+1)—1)=(1+3+5+...+ 2k — 1)+ 2k +1.

We further use the fact that the expression in the last brackets, ac-
cording to the relation (1.6), is equal to k>. As a result we get

kK2 +2k+1=(k+1)°.

The right side of equality (1.5) for n =k +1 has the form (k +1)%. It
is obvious that the left and right sides of equality (1.5) are equal when
n=k+1.

Since all three steps of mathematical induction method are imple-
mented, formula (1.5) is true for any n € N.

Problem 6. Find all natural numbers # for which the inequality

2" > n?, (1.7)

is true.

Solution. The statement (1.7) that could be proved by the mathe-
matical induction method is not explicitly formulated.

For this reason let us find out the pattern of interdependence of the
values 2" and n*. Assign to the number » the values 1, 2, 3, 4, 5, 6 se-
quentially. We obtain 2! > 1, 22=22 23«32 2" =422°>522°>6%

Thus, we can make a hypothesis: the original inequality is true for
n =1 and every natural n >5. Let us prove this statement.

1. The truth of the inequality (1.7) for » = 5 has already been proved.

2. Suppose that inequality (1.7) istrue foranyn =k, k>5, ke N, i.e.

25> k2. (1.8)
B Chapter 1 13



Using inequality (1.8), we prove the inequality
2> (k+1)%. (1.9)
Based on the inequality (1.8), we have:
2 =2.2k>2. k2, (1.10)

Note that (k— 1)2 > 2 for all natural k > 3, which can be seen, for
example, graphically by examining the function y = (x —1) for x = 3,
4,5, ... (Fig. 1.8).

Then k? >2+2k—1, or k*>2k+1.Add k? to both parts of the last
inequality. We get2k? > k> +2k +1.

5!! Y The obtained inequality can be
4 y=(x—1)2 Wwritten in the form 2k* > (k+1)*. To-
3T gether with the inequality (1.10) it
-+ proves the validity of the inequali-
17 ty (1.9).
} — X By the mathematical induction
-2 __11 o12345 method we conclude that the original
inequality is true for every n > 5,
Fig. 1.8 ne N, and also true forn = 1.

Tasks for solving

Level |

1.1. Let A=(—0o0,2], B=[—3,5) are subsets of universal set U =R.
Find the set:

1) AU B; 2)ANB; 3) AU B; 4) AN B.

1.2. There are 28 students in the group, each of them can ski or
skate. At the same time, 20 people can ski, 15 people can skate. Deter-
mine how many students can both ski and skate.

1.3. Calculate:

DI+ 9 3 EN 2
’ 3V 2.31° S51=21"
1.4. Shorten the fraction:
(n+1)! 2n)!
2-n!”’ Qn+D!
1.5. Determine the entire of the number:
23 3 )
1) > 2) bYE 3)-5,2; 4) 3,25.

14



1.6. Calculate:
{6,25}
+ —_ — . —+ J—
1) [2,8]+3[—2,8]—2{2,25}; 2) 5.25] [-7,08].
1.7. Write down the sum, specifying each term, and calculate it:

5 1 6 (_l)n 4 (_1)n+1
1);1;, 2);2 K 3)Z(nﬂ)!‘

n— n=0

Level Il
2.1. The sets
A={a,la,=2n,neN}, B={b,|b,=4n—2,neN},
c={c,|c,=4n+2,neNj

are considered. Find set:

1) AU B; 2) AN B, 3) B\ C;

4) A\ B; 5Y) AnBnNnC; 6)AuBuUC.

2.2. Write down by which operations on sets 4, B, C the shaded set
is obtained (Fig. 1.9):

2.

1)

Fig. 1.9

2.3. 100 students participated in the first round of the competition,
70 of them received the right to participate in the second round of the
competition in physics, 45 in mathematics. It is known that 23 people
can participate both in the second round of the physics competition
and the mathematics competition. Determine how many students are
not admitted to the second round either in physics or mathematics.
2.4. Shorten the fraction and simplify the resulting expression:

(n=D!+3n 5 _(n=Dl+(n=3)!
(n+)(n—D!—(n—2)" )2n2(n—3)!+(n—2)!'

1y

B Chapter 1 15



2.5. Prove the equality is true for all #n (n € N):

n(4n* —1)
—
_(n=Dn(n+1)
-

DP+3+...+02n—1)’=

2)1-2+2.3+3-4+...+(n—1)n

1 1 1 n
H—+—+..+ = .
1-3 35 2n—1)2n+1) 2n+1

Level lll

3.1. For universal set R subsets A= {x | x’—4<0,xe R},
B= {x |x2—6x+5>0,x¢€ R} are considered. Find the set:

1)ANB;, 2)AUB; 3)(AnB)\B.

3.2. Among the applicants who successfully passed the university
entrance exams, 48 people received an excellent grade in mathematics,
37 in physics, 42 in belarusian, 75 in mathematics or physics, 76 in
mathematics or belarusian, 66 in physics or belarusian, and 4 people in
all three disciplines. Find out:

1) how many applicants received at least one «excellent» gratitude;

2) how many applicants received only one «excellent» gratitude.

3.3. Compare the fractions

_Cn)'=@2n=2)! 2n!=2n—1)!
o @n=) T (n+D)!
3.4. Prove the inequality by mathematical induction method star-
ting from some natural #:

4
1)2" < n; ' > 2"l 3)—(a1)? > 20!
n+1

3.5. Plot the graph of the function y = f(x),if x e R:
1) f(x)=sgnx; 2) f(x)=I[xI; 3) f(x)={x}.

1.2. The concept of a complex number,
an rectangular form of its notation

The number of the type
z=a+bi, (1.11)

where a, b € R, i — imaginary unit, defined by equality i =—1, is called
a complex number. The number a is called the real part of the complex

16



number z and is denoted by a = Re z; the number b is called the imagi-
nary part of the complex number z and is denoted by b =Im z.

Writing a complex number in the form (1.11) is called the rectangu-
lar form of a complex number.

If a=0, b0, then complex number (1.11) is called purely imagi-
nary. By b= 0 it turns out a real number.

The set of all complex numbers is denoted by C. There is an inclu-
sion R ¢ C. The following ratios NcZ c Q c R < C are correct, as a
result of expanding the meaning of the set of number.

In a rectangular Cartesian’s coordi-
nate system, a complex number z =a + bi y
is represented by a point with coordinates br----- o
(a,b) (Fig. 1.10). There is a one-to-one |
correspondence between the set of all !
points in the coordinate plane and the set Ol a
of all complex numbers. The coordinate
plane is called the complex plane. The Ox
axis is called the real axis, the Oy axis is called the imaginary axis.

Two complex numbers g, =a, +b,i and z, = a, + b,i are equal if and
only if their real and imaginary parts are equal, i.e. @, = a,, b, = b,.

It’s impossible to arrange complex numbers by using the inequality
relation (it can be done to real numbers). Therefore, we can say that
complex numbers can not be compared.

If z=a+bi, then 7 =a— bi is called conjugate number to the num-
ber z.

Conjugate numbers z, 7 are represented by symmetrical points in
the coordinate system with respect to the Ox axis.

Fig. 1.10

Operations on complex numbers
in rectangular form

Let z; =a, + b, 7, = a, + b,i, then

7+t =(a ta)+(b +b)i (1.12)
4= =(a—a) (b —b)i, (1.13)
Z] .ZQ = (alaz _b1b2)+(alb2 +a2b1 )l. (1.14)

Formulas (1.12)—(1.14) show that the operations of addition, sub-
traction and multiplication are performed similarly to the same opera-
tions on polynomials (taking into account i* =—1 in multiplying). To
find the quotient of complex numbers z, and z, first the numerator and
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