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Ïðåäèñëîâèå

Â îñíîâó äàííîãî èçäàíèÿ ëåãëè ïðàêòè÷åñêèå çàíÿòèÿ ïî äèñ-
öèïëèíå ¾Ìàòåìàòè÷åñêèé àíàëèç¿, êîòîðûå àâòîðû ó÷åáíîãî ïîñî-
áèÿ ïðîâîäÿò äëÿ ñòóäåíòîâ ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà
Áåëîðóññêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Â êíèãó òàêæå âêëþ-
÷åíû íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ, êîòîðûå ïðåäñòàâëÿþò
âûäåðæêè èç êóðñà ëåêöèé ïî ìàòåìàòè÷åñêîìó àíàëèçó îäíîãî èç
àâòîðîâ [10].

Ðàíåå áûëè èçäàíû ïåðâûå äâå ÷àñòè ýòîãî ó÷åáíîãî ïîñîáèÿ
[3, 4]. Ïðåäëàãàåìàÿ ÷èòàòåëþ òðåòüÿ, çàêëþ÷èòåëüíàÿ, ÷àñòü ñîñòî-
èò èç ÷åòûðåõ ãëàâ: ¾Èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà¿, ¾Èíòå-
ãðàë Ðèìàíà â Rd¿, ¾Êðèâîëèíåéíûå èíòåãðàëû¿, ¾Ïîâåðõíîñòíûå
èíòåãðàëû è òåîðèÿ ïîëÿ¿.

Â êàæäîé ãëàâå ó÷åáíîãî ïîñîáèÿ âû íàéäåòå ïîäðîáíî ðàçî-
áðàííûå ïðèìåðû ðåøåíèÿ òèïîâûõ çàäà÷, çàäàíèÿ äëÿ àóäèòîðíîé
è ñàìîñòîÿòåëüíîé ðàáîòû, êðàòêèå òåîðåòè÷åñêèå ñâåäåíèÿ ïî ìà-
òåìàòè÷åñêîìó àíàëèçó, íåîáõîäèìûå äëÿ ðåøåíèÿ çàäà÷, à òàêæå
çàäàíèÿ ïîâûøåííîé ñëîæíîñòè.

Ñòàðàÿñü ïðèäåðæèâàòüñÿ åäèíîé ñòðóêòóðû êàê â ðàìêàõ äàí-
íîãî ó÷åáíîãî ïîñîáèÿ, òàê è ñ ïðåäûäóùèìè ÷àñòÿìè, àâòîðû
âûíóæäåíû áûëè ó÷èòûâàòü ñïåöèôèêó èçëàãàåìîãî ìàòåðèàëà.
Òåìû, ðàññìàòðèâàåìûå â ýòîé ÷àñòè ó÷åáíîãî ïîñîáèÿ, òðàäèöè-
îííî èçó÷àþòñÿ ïîñëåäíèìè â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà íà
ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå Áåëîðóññêîãî ãîñóäàðñòâåí-
íîãî óíèâåðñèòåòà è ÿâëÿþòñÿ íàèáîëåå ñëîæíûìè äëÿ ñòóäåíòîâ.
Ïîýòîìó àâòîðû ñòàâèëè ïåðåä ñîáîé çàäà÷ó ïðåæäå âñåãî ïîìî÷ü
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ñòóäåíòó ðàçîáðàòüñÿ ñ îñíîâíûìè ìåòîäàìè, ïîäõîäàìè è ïðèå-
ìàìè, èñïîëüçóåìûìè ïðè ðåøåíèè òèïîâûõ çàäà÷ äàííûõ ðàçäå-
ëîâ, è íå ïåðåãðóçèòü èçëèøíèì êîëè÷åñòâîì çàäà÷ ïîâûøåííîé
ñëîæíîñòè. Â ðàçäåëå 4.2 ¾Ïîâåðõíîñòíûå èíòåãðàëû âòîðîãî ðî-
äà¿ îòñóòñòâóþò çàäà÷è ïîâûøåííîé ñëîæíîñòè, òàê êàê çàäàíèÿ,
êîòîðûå ìîãëè áû îêàçàòüñÿ â ýòîì ðàçäåëå, êàê ïðàâèëî, ãîðàçäî
ïðîùå ðåøàþòñÿ äðóãèìè ïîäõîäàìè, íàïðèìåð ñ ïîìîùüþ ôîð-
ìóëû Ãàóññà � Îñòðîãðàäñêîãî, è ñîîòâåòñòâåííî ïîïàëè â äðóãèå
ðàçäåëû.

Ãëàâà 2 ¾Èíòåãðàë Ðèìàíà â Rd¿ íà÷èíàåòñÿ ñî çíàêîìñòâà ñ
ìåðîé Æîðäàíà. Ïîñêîëüêó ðàññìàòðèâàåìûé â ýòîé ãëàâå èíòå-
ãðàë Ðèìàíà áàçèðóåòñÿ íà ïîíÿòèè èçìåðèìîãî ïî Æîðäàíó ìíî-
æåñòâà, àâòîðû ïîñ÷èòàëè öåëåñîîáðàçíûì ïðèâåñòè íåîáõîäèìûå
òåîðåòè÷åñêèå ñâåäåíèÿ î ìåðå è èçìåðèìîñòè ïî Æîðäàíó, âûäå-
ëèâ èõ â îòäåëüíûé ðàçäåë.

Àâòîðû áëàãîäàðÿò ïðîôåññîðà À. Ï. Ñòàðîâîéòîâà è êàôåäðó
ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè Ãðîäíåíñêîãî ãîñóäàð-
ñòâåííîãî óíèâåðñèòåòà èìåíè ßíêè Êóïàëû, ïðåæäå âñåãî äîöåíòà
ýòîé êàôåäðû Â. Ð. Ìèñþêà, çà ðåöåíçèðîâàíèå äàííîãî ïîñîáèÿ, à
òàêæå êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Þ. Â. Âàñèëüåâà çà
ïîëåçíûå çàìå÷àíèÿ, óëó÷øèâøèå èçëîæåíèå ìàòåðèàëà.

Àâòîðû áóäóò ïðèçíàòåëüíû âñåì, êòî óêàæåò íà âîçìîæíûå
íåòî÷íîñòè â òåêñòå è âíåñåò ïðåäëîæåíèÿ ïî åãî óëó÷øåíèþ.

Ïîæåëàíèÿ, ïðåäëîæåíèÿ è çàìå÷àíèÿ ïðîñèì íàïðàâëÿòü ïî
ýëåêòðîííîìó àäðåñó: mardvilko@gmail.com.



Ãëàâà 1

Èíòåãðàëû, çàâèñÿùèå îò

ïàðàìåòðà

1.1. Ñîáñòâåííûå èíòåãðàëû, çàâèñÿùèå

îò ïàðàìåòðà

Ôóíêöèÿ âèäà

I(α) =
w

X

f(x,α) dx, (1.1)

ãäå X ⊂ R � íåêîòîðûé ïðîìåæóòîê (îãðàíè÷åííûé èëè íåò), α ∈ Y ,
Y ⊂ R � íåêîòîðîå ìíîæåñòâî (ìíîæåñòâî ïàðàìåòðîâ), íàçûâàåòñÿ èí-
òåãðàëîì, çàâèñÿùèì îò ïàðàìåòðà (èëè ïàðàìåòðè÷åñêèì èíòåãðà-
ëîì).

Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà X = [a, b] è
Y = [c, d], ïðè ýòîì èñïîëüçóåòñÿ îáîçíà÷åíèå

K = [a, b]× [c, d].

Åñëè f ∈ C(K), òî ôóíêöèÿ α 7→ I(α) íåïðåðûâíà íà [c, d], ò. å. äëÿ
ëþáîãî α0 ∈ [c, d] âûïîëíÿåòñÿ

lim
α→α0

bw

a

f(x,α) dx =

bw

a

lim
α→α0

f(x,α) dx. (1.2)

Ïóñòü ôóíêöèè φ,ψ ∈ C[c, d], ïðè÷åì φ(α),ψ(α) ∈ [a, b] äëÿ âñåõ
α ∈ [c, d]. Òîãäà, åñëè f ∈ C(K), òî ôóíêöèÿ
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α 7→ I(α) =

ψ(α)w

φ(α)

f(x,α) dx (1.3)

íåïðåðûâíà íà [c, d].

Åñëè ôóíêöèÿ f ∈ C(K), òî

dw

c

( bw

a

f(x,α) dx

)
dα =

bw

a

( dw

c

f(x,α) dα

)
dx. (1.4)

Îòìåòèì, ÷òî îáå ÷àñòè ðàâåíñòâà (1.4) îïðåäåëåíû, òàê êàê â ñèëó âû-
øåèçëîæåííîãî èç óñëîâèÿ f ∈ C(K) âûòåêàåò, ÷òî îáà âíóòðåííèõ èíòå-
ãðàëà â (1.4) ÿâëÿþòñÿ íåïðåðûâíûìè è ïîýòîìó èíòåãðèðóåìûìè.

Ïóñòü f ∈ C(K) è äëÿ âñåõ (x,α) ∈ K ñóùåñòâóåò ÷àñòíàÿ ïðîèçâîä-

íàÿ
∂f

∂α
(x,α), ïðè÷åì

∂f

∂α
∈ C(K). Òîãäà èíòåãðàë (1.1) èìååò ïðîèçâîä-

íóþ â êàæäîé òî÷êå α ∈ [c, d] è

I ′(α) =

bw

a

∂f(x,α)

∂α
dx (1.5)

(ôîðìóëà Ëåéáíèöà).

Åñëè, êðîìå òîãî, φ,ψ ∈ C1[c, d], ïðè÷åì φ(α),ψ(α) ∈ [a, b] ïðè âñåõ
α ∈ [c, d], òî èíòåãðàë (1.3) èìååò ïðîèçâîäíóþ â êàæäîé òî÷êå α ∈ [c, d]
è

I ′(α) =

ψ(α)w

φ(α)

∂f(x,α)

∂α
dx+ f(ψ(α),α)ψ′(α)− f(φ(α),α)φ′(α). (1.6)

Ðåøåíèå òèïîâûõ çàäà÷

1. Íàéòè ïðåäåëû:

1) lim
α→0

πw

−π
(x + cosαx)ex sinα dx; 2) lim

α→0

1+αw

α

dx

1 + α2 + x2
.
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Ðåøåíèå. 1) Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ

f(x,α) = (x+ cosαx) ex sinα

íåïðåðûâíà â ïðÿìîóãîëüíèêåK = {(x,α) : −π ⩽ x ⩽ π, −1 ⩽ α ⩽ 1},
òî èñêîìûé ïðåäåë ïî ôîðìóëå (1.2) ðàâåí

πw

−π

(
lim
α→0

(x+ cosαx) ex sinα

)
dx =

πw

−π
(x+ 1) dx = 2π.

Ñëåäîâàòåëüíî,

lim
α→0

πw

−π
(x+ cosαx) ex sinα dx = 2π.

2) Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ

f(x,α) =
1

1 + α2 + x2

íåïðåðûâíà äëÿ ëþáûõ x ∈ [α,α+ 1], α ∈ R, è ôóíêöèè φ(α) = α,
ψ(α) = 1+α íåïðåðûâíû äëÿ ëþáîãî α ∈ R, òî, ïðèìåíÿÿ ïðåäåëü-
íûé ïåðåõîä, ïîëó÷èì

lim
α→0

1+αw

α

dx

1 + α2 + x2
=

1w

0

dx

1 + x2
= arctg x

∣∣∣∣
1

0

=
π

4
.

2. Âû÷èñëèòü èíòåãðàë I =

1w

0

xb − xa

lnx
dx, 0 < a ⩽ b.

Ðåøåíèå. Ðàññìîòðèì ôóíêöèþ f(x,α) = xα. Ýòà ôóíêöèÿ
íåïðåðûâíà â ïðÿìîóãîëüíèêå K = {(x,α) : 0 ⩽ x ⩽ 1, a ⩽ α ⩽ b},
ãäå a > 0. Ïðèìåíÿÿ ôîðìóëó (1.4), ïîëó÷èì

bw

a

( 1w

0

xα dx

)
dα =

1w

0

( bw

a

xα dα

)
dx. (1.7)
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Ïîñêîëüêó

1w

0

xα dx =
1

α+ 1
, òî ëåâàÿ ÷àñòü (1.7) ðàâíà

bw

a

dα

α+ 1
= ln(α+ 1)

∣∣∣∣
b

a

= ln
1 + b

1 + a
.

Ïðàâàÿ ÷àñòü (1.7) ðàâíà I, òàê êàê

1w

0

( bw

a

xα dα

)
dx =

1w

0

(
xα

lnx

∣∣∣∣
b

a

)
dx =

1w

0

xb − xa

lnx
dx.

Ñëåäîâàòåëüíî,

I =

1w

0

xb − xa

lnx
dx = ln

1 + b

1 + a
.

3. Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó α, âû÷èñëèòü
èíòåãðàë

I(α) =

π/2w

0

ln(sin2 x+ α2 cos2 x) dx, α ̸= 0.

Ðåøåíèå. Ïóñòü α > 0 è α ̸= 1. Ïîñêîëüêó ôóíêöèÿ

f(x,α) = ln(sin2 x+ α2 cos2 x)

íåïðåðûâíà è èìååò íåïðåðûâíóþ ÷àñòíóþ ïðîèçâîäíóþ
∂f(x,α)

∂α
â ïðÿìîóãîëüíèêå K = {(x,α) : 0 ⩽ x ⩽ π/2, a ⩽ α ⩽ b}, ãäå
a > 0, òî, ïðèìåíÿÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðó
(1.5), ïîëó÷èì

I ′(α) =

π/2w

0

2α cos2 x

sin2 x+ α2 cos2 x
dx.
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Èñïîëüçóÿ ïîäñòàíîâêó t = tg x, íàéäåì

I ′(α) = 2α

+∞w

0

dt

(t2 + 1)(t2 + α2)
=

2α

α2 − 1

+∞w

0

(
1

t2 + 1
− 1

t2 + α2

)
dt =

=
2α

α2 − 1

(
arctg t− 1

α
arctg

t

α

)∣∣∣∣
+∞

0

=
π

α+ 1
,

îòêóäà

I(α) = π ln(α+ 1) + C.

Ïîñêîëüêó I(α) � ôóíêöèÿ, íåïðåðûâíàÿ ïðè α > 0, è I(1) = 0, òî

C = −π ln 2. Ñëåäîâàòåëüíî, I(α) = π ln α+ 1

2
ïðè α > 0. Ó÷èòûâàÿ,

÷òî I(α) � ÷åòíàÿ ôóíêöèÿ, ïîëó÷èì I(α) = π ln
|α|+ 1

2
, åñëè α ̸= 0.

4. Íàéòè I ′(α), åñëè:

1) I(α) =

2w

1

eαx
2

x
dx; 2) I(α) =

sinαw

cosα

shαx2 dx.

Ðåøåíèå. 1) Ïîñêîëüêó ïîäûíòåãðàëüíàÿ ôóíêöèÿ f(x,α) =

=
eαx

2

x
è åå ÷àñòíàÿ ïðîèçâîäíàÿ

∂f(x,α)

∂α
= eαx

2
x íåïðåðûâíû äëÿ

ëþáûõ x ∈ [1, 2], α ∈ R, òî, ïðèìåíÿÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ
ïî ïàðàìåòðó (1.5), ïîëó÷èì

I ′(α) =

2w

1

eαx
2
x dx =

eαx
2

2α

∣∣∣∣
2

1

=
e4α − eα

2α
.

2) Ïîñêîëüêó ôóíêöèè f(x,α) = shαx2, φ(α) = cosα, ψ(α) = sinα
íåïðåðûâíû, òî, ïðèìåíÿÿ ôîðìóëó Ëåéáíèöà (1.6), íàéäåì

I ′(α) =

sinαw

cosα

x2 chαx2 dx+ cosα sh(α sin2 α) + sinα sh(α cos2 α).
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Çàäàíèÿ äëÿ àóäèòîðíîé ðàáîòû

5. Äîêàçàòü, ÷òî ôóíêöèÿ I(α) íåïðåðûâíà íà R, åñëè:

1) I(α) =

1w

0

sin2 αx2 dx; 2) I(α) =

2w

−1

x2

1 + x2 + α2x4
dx.

6. Íàéòè ïðåäåëû:

1) lim
α→1

4w

2

x

1 + x2 + α6
dx;

2) lim
α→1

1w

0

x2eαx
3
dx;

3) lim
α→0

πw

0

x cos(1 + α)x dx;

4) lim
α→+∞

π/2w

0

sinα x

1 + x2
dx.

7. Âûÿñíèòü, ñïðàâåäëèâî ëè ðàâåíñòâî

lim
α→0

1w

0

f(x,α) dx =

1w

0

lim
α→0

f(x,α) dx,

åñëè:

1)f(x,α) =
x3

α2
e−

x2

α ;
2)f(x,α) = x2

√
α2 + x2.

8. Âû÷èñëèòü èíòåãðàë

1w

0

sin

(
ln

1

x

)
xb − xa

lnx
dx, a > 0, b > 0.

9. Íàéòè I ′(α), åñëè:

1) I(α) =

1w

0

sinαx dx;

2) I(α) =

2w

1

eαx
2

x
dx;

3) I(α) =

αw

0

ln(1 + αx)

x
dx;

4) I(α) =

cosαw

sinα

eα
√
1−x2

dx;

5) I(α) =

sinαw

cosα

eα
4x2

dx;

6) I(α) =

αeαw

αe−α

ln(1+α2x2) dx.
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10. Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó α, âû÷èñëèòü
èíòåãðàë I(α), åñëè:

1) I(α) =

π/2w

0

ln(α2 − sin2 x) dx, α > 1;

2) I(α) =

πw

0

ln
1 + α cosx

1− α cosx

dx

cosx
, |α| < 1.

Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

11. Èññëåäîâàòü íà íåïðåðûâíîñòü ôóíêöèþ I(α) íà R, åñëè:

1) I(α) =

1w

0

(1 + x)αx dx; 2) I(α) =

1w

0

αex

x2 + α2
dx.

12. Íàéòè ïðåäåëû:

1) lim
α→0

1w

0

√
1 + α2x4 dx;

2) lim
α→0

2w

0

x2 cosαx dx;

3) lim
α→0

1w

−1

√
x2 + α2 dx;

4) lim
α→+∞

1w

0

dx

1 + (1 + x
α)
α
.

13. Âûÿñíèòü, ñïðàâåäëèâî ëè ðàâåíñòâî

lim
α→0

1w

0

f(x,α) dx =

1w

0

lim
α→0

f(x,α) dx,

åñëè:

1)f(x,α) =
x

α2
e−

x2

α2 ; 2)f(x,α) =
2xα2

(α2 + x2)2
.

14. Âû÷èñëèòü èíòåãðàë

1w

0

cos

(
ln

1

x

)
xb − xa

lnx
dx, a > 0, b > 0.

15. Íàéòè I ′(α), åñëè:
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1) I(α) =

3w

1

cos(αx3)

x
dx;

2) I(α) =

3w

2

ch(α4x2)

x
dx;

3) I(α) =

2αw

α

sinαx

x
dx;

4) I(α) =

α2w

3α

eαx
2
dx;

5) I(α) =

eαw

e−α

ln(1 + α2x2)

x
dx;

6) I(α) =

shαw

chα

ln(1 + α2 + x2) dx.

16. Ïðèìåíÿÿ äèôôåðåíöèðîâàíèå ïî ïàðàìåòðó α, âû÷èñëèòü
èíòåãðàë I(α), åñëè:

1) I(α) =

πw

0

ln(1− 2α cosx+ α2) dx, |α| < 1;

2) I(α) =

π/2w

0

arctg(α tg x)

tg x
dx.

Çàäàíèÿ ïîâûøåííîé ñëîæíîñòè

17. Äîêàçàòü, ÷òî èíòåãðàë F (α) =

1w

0

f(x,α) dx îò ðàçðûâíîé

ôóíêöèè f(x,α) = sign(x−α) ÿâëÿåòñÿ íåïðåðûâíîé íà R ôóíêöè-
åé. Ïîñòðîèòü ãðàôèê ôóíêöèè F (α).

18. Âûÿñíèòü, ìîæíî ëè âû÷èñëèòü ïî ïðàâèëó Ëåéáíèöà ïðî-

èçâîäíóþ ôóíêöèè F (α) =

1w

0

ln
√
x2 + α2 dx ïðè α = 0.

19. Íàéòè F ′′(α), åñëè F (α) =

αw

0

(α+x)f(x) dx, ãäå f(x)− äèô-

ôåðåíöèðóåìàÿ ôóíêöèÿ.
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20. Íàéòè F ′′(α), åñëè F (α) =

bw

a

f(x)|α − x| dx, ãäå a < b è

f(x) � íåïðåðûâíàÿ íà [a, b] ôóíêöèÿ.

21. Ïóñòü

I(α) =

αw

0

φ(x)√
α− x

dx,

ãäå ôóíêöèÿ φ(x) íåïðåðûâíà âìåñòå ñî ñâîåé ïðîèçâîäíîé φ′(x)
íà îòðåçêå [0, a]. Äîêàçàòü, ÷òî ïðè α ∈ (0, a) èìååì

I ′(α) =
φ(0)√
α

+

αw

0

φ′(x)√
α− x

dx.
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1.2. Ðàâíîìåðíàÿ ñõîäèìîñòü ÍÈÇÎÏ

Ïóñòü E ⊂ R � íåêîòîðîå ìíîæåñòâî è çàäàíà ôóíêöèÿ
f : [a,∞)× E → R. Ïðè ýòîì áóäåì ïðåäïîëàãàòü, ÷òî äëÿ ëþáîãî α ∈ E
ñóùåñòâóåò íåñîáñòâåííûé èíòåãðàë

I(α) =

∞w

a

f(x,α) dx. (1.8)

Ýòî òðåáîâàíèå âêëþ÷àåò èíòåãðèðóåìîñòü f íà ëþáîì îòðåçêå [a, b],
b > a, ïðè ëþáîì α ∈ E.

Èíòåãðàë (1.8) áóäåì íàçûâàòü íåñîáñòâåííûì èíòåãðàëîì, çà-
âèñÿùèì îò ïàðàìåòðà α ∈ E (ÍÈÇÎÏ).

Íåñîáñòâåííûé èíòåãðàë, çàâèñÿùèé îò ïàðàìåòðà, (1.8) ñõîäèòñÿ
ðàâíîìåðíî îòíîñèòåëüíî α ∈ E, åñëè äëÿ êàæäîãî ε > 0 ñóùåñòâóåò
òàêîå ÷èñëî δ > a, ÷òî äëÿ âñåõ α ∈ E è âñåõ ξ ⩾ δ âûïîëíÿåòñÿ íåðàâåí-
ñòâî ∣∣∣∣

∞w

ξ

f(x,α) dx

∣∣∣∣ < ε. (1.9)

Ñëåäîâàòåëüíî, ÍÈÇÎÏ (1.8) ñõîäèòñÿ íåðàâíîìåðíî, åñëè ñóùåñòâó-
åò ÷èñëî ε > 0 òàêîå, ÷òî äëÿ ëþáîãî δ > a íàéäóòñÿ ÷èñëà α ∈ E è ξ ⩾ δ
òàêèå, ÷òî

∣∣∣∣
∞w

ξ

f(x,α) dx

∣∣∣∣ ⩾ ε. (1.10)

Íåñîáñòâåííûé èíòåãðàë, çàâèñÿùèé îò ïàðàìåòðà, (1.8) ñõîäèòñÿ
ðàâíîìåðíî òîãäà è òîëüêî òîãäà, êîãäà (îáùèé êðèòåðèé)

sup
α∈E

∞w

ξ

f(x,α) dx → 0 ïðè ξ→ ∞. (1.11)

Ïóñòü
F (x) = sup

α∈E
|f(x,α)|, x ⩾ a,

è ñõîäèòñÿ íåñîáñòâåííûé èíòåãðàë
∞r
a

F (x) dx. Òîãäà íåñîáñòâåííûé èí-

òåãðàë, çàâèñÿùèé îò ïàðàìåòðà, (1.8) ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî
α ∈ E (ïðèçíàê Âåéåðøòðàññà).
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Â ñëåäóþùèõ äâóõ ïðèçíàêàõ ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðåäñòà-
âèìà â âèäå ïðîèçâåäåíèÿ è ðå÷ü áóäåò èäòè î ðàâíîìåðíîé ñõîäèìîñòè
èíòåãðàëà

∞w

a

f(x,α)g(x,α) dx. (1.12)

Èíòåãðàë, çàâèñÿùèé îò ïàðàìåòðà, (1.12) ñõîäèòñÿ ðàâíîìåðíî îò-
íîñèòåëüíî α ∈ E, åñëè (ïðèçíàê Äèðèõëå):

1) ôóíêöèÿ f ìîíîòîííî óáûâàåò ïî x ïðè êàæäîì ôèêñèðîâàííîì
α ∈ E è ñõîäèòñÿ ê íóëþ ïðè x → +∞ ðàâíîìåðíî îòíîñèòåëüíî α ∈ E;

2) ôóíêöèÿ

G(t,α) =

tw

a

g(x,α) dx

îãðàíè÷åíà íà ìíîæåñòâå òî÷åê (t,α) ∈ [a,∞)× E.
Ïóñòü âûïîëíåíû óñëîâèÿ (ïðèçíàê Àáåëÿ):
1)′ ôóíêöèÿ f : [a,∞)× E → R îãðàíè÷åíà è ìîíîòîííî óáûâàåò ïî

x ïðè êàæäîì ôèêñèðîâàííîì α ∈ E;

2)′ èíòåãðàë
∞r
a

g(x,α) dx ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî α ∈ E.

Òîãäà èíòåãðàë, çàâèñÿùèé îò ïàðàìåòðà, (1.12) ñõîäèòñÿ ðàâíîìåðíî
îòíîñèòåëüíî α ∈ E .

Äëÿ òîãî ÷òîáû ÍÈÇÎÏ (1.8) ñõîäèëñÿ ðàâíîìåðíî îòíîñèòåëüíî
α ∈ E, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî ε > 0 ñóùåñòâîâà-
ëî òàêîå ÷èñëî δ ∈ (a,+∞), ÷òî äëÿ ëþáûõ ξ′, ξ′′ ⩾ δ è âñåõ α ∈ E
âûïîëíÿåòñÿ íåðàâåíñòâî (êðèòåðèé Êîøè)

∣∣∣∣
ξ′′w

ξ′

f(x,α) dx

∣∣∣∣ < ε.

Ðåøåíèå òèïîâûõ çàäà÷

22. Íàéòè îáëàñòü ñõîäèìîñòè èíòåãðàëà I(α) =
+∞w

0

xα−1e−x dx.

Ðåøåíèå. Ïðåäñòàâèì èíòåãðàë â âèäå

I(α) =

1w

0

xα−1e−x dx+

+∞w

1

xα−1e−x dx = I1(α) + I2(α).
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Ðàññìîòðèì I1(α) ïðè x → 0. Ïîñêîëüêó f(x,α) = xα−1e−x ∼

∼ 1

x1−α
, òî ïî ïðèçíàêó ñðàâíåíèÿ èíòåãðàë

1w

0

dx

x1−α
ñõîäèòñÿ, åñëè

1− α < 1. Ñëåäîâàòåëüíî, èíòåãðàë I1(α) ñõîäèòñÿ, åñëè α > 0.

Ðàññìîòðèì I2(α) ïðè x → +∞. Ïîñêîëüêó äëÿ ëþáîãî α ∈ R

lim
x→+∞

xα−1

ex
:

1

ex/2
= 0 è

+∞w

1

e−x/2 dx =
2√
e
,

òî èíòåãðàë I2(α) ñõîäèòñÿ äëÿ ëþáîãî α ∈ R.
Òàêèì îáðàçîì, èíòåãðàë I(α) ñõîäèòñÿ äëÿ α > 0.

23. Äîêàçàòü, ÷òî èíòåãðàë
+∞w

0

e−αx dx :

1) ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå E = [b,+∞), ãäå b > 0;

2) ñõîäèòñÿ íåðàâíîìåðíî íà ìíîæåñòâå E1 = (0,+∞).

Ðåøåíèå. Ñõîäèìîñòü äàííîãî èíòåãðàëà äëÿ âñåõ çíà÷åíèé
ïàðàìåòðà α ∈ (0,+∞) ëåãêî ïðîâåðÿåòñÿ ïî îïðåäåëåíèþ.

1) Âîñïîëüçóåìñÿ îïðåäåëåíèåì ðàâíîìåðíîé ñõîäèìîñòè (1.9).
Äëÿ ëþáîãî ε > 0 âûáåðåì δ > 0 òàêîå, ÷òî äëÿ âñåõ α ⩾ b è âñåõ
ξ ⩾ δ âûïîëíÿåòñÿ

∣∣∣∣
+∞w

ξ

e−αx dx

∣∣∣∣ =
∣∣∣∣
e−αξ

α

∣∣∣∣ ⩽
∣∣∣∣
e−bξ

b

∣∣∣∣ < ε.

Ðåøàÿ ýòî íåðàâåíñòâî, ïîëó÷èì, ÷òî ξ >
1

b
ln

1

εb
. Òîãäà, ïîëàãàÿ

δ = max

{
1,

1

b
ln

1

εb

}
, èìååì âûïîëíåíèå óñëîâèÿ (1.9) ðàâíîìåðíîé

ñõîäèìîñòè èíòåãðàëà äëÿ ëþáîãî α ∈ E.
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2) Äëÿ ïðîèçâîëüíîãî ÷èñëà δ > 0 âûáåðåì ξ = 1+δ, α =
1

1 + δ
.

Òîãäà
∣∣∣∣
+∞w

ξ

e−xα dx

∣∣∣∣ =
∣∣∣∣
e−ξα

α

∣∣∣∣ = (1 + δ)
1

e
⩾

1

e
,

ò. å. íåðàâåíñòâî (1.10) âûïîëíÿåòñÿ ïðè ε =
1

e
. Ñëåäîâàòåëüíî,

èíòåãðàë ñõîäèòñÿ íåðàâíîìåðíî íà ìíîæåñòâå (0,+∞).

24. Äîêàçàòü, ÷òî èíòåãðàë

+∞w

1

dx

xα
, α > 1, ñõîäèòñÿ íåðàâíî-

ìåðíî íà ìíîæåñòâå E = (1,+∞).

Ðåøåíèå. Ñõîäèìîñòü äàííîãî èíòåãðàëà ïðè óêàçàííûõ çíà-
÷åíèÿõ ïàðàìåòðà õîðîøî èçâåñòíà. Ïîêàæåì, ÷òî íå âûïîëíÿåòñÿ
óñëîâèå îáùåãî êðèòåðèÿ ðàâíîìåðíîé ñõîäèìîñòè (1.11). Äåéñòâè-
òåëüíî,

sup
α∈E

+∞w

ξ

dx

xα
= sup
α>1

x1−α

1− α

∣∣∣∣
+∞

ξ

= sup
α>1

ξ1−α

α− 1
= lim
α→1+0

ξ1−α

α− 1
= +∞.

Òàêèì îáðàçîì, èíòåãðàë, ñõîäÿùèéñÿ ïðè êàæäîì α > 1, ñõîäèòñÿ
íåðàâíîìåðíî íà ìíîæåñòâå E = (1,+∞).

25. Äîêàçàòü ðàâíîìåðíóþ ñõîäèìîñòü èíòåãðàëà I(α) íà ìíî-
æåñòâå E, åñëè:

1) I(α) =

+∞w

0

sinαx

1 + x2
dx, E = R;

2) I(α) =

+∞w

3

lnα x

x5/4
dx, E = [0, 2].

Ðåøåíèå. 1) Ïîñêîëüêó

∣∣∣∣
sinαx

1 + x2

∣∣∣∣ ⩽
1

1 + x2
äëÿ ëþáîãî α ∈ R è
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èíòåãðàë

+∞w

0

dx

1 + x2
ñõîäèòñÿ, òî ïî ïðèçíàêó Âåéåðøòðàññà äàííûé

èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî íà ìíîæåñòâå R.
2) Åñëè α ∈ [0, 2], x ∈ [3,+∞), òî 0 ⩽ lnα x ⩽ ln2 x, ïîýòîìó

ñïðàâåäëèâî íåðàâåíñòâî

0 ⩽
lnα x

x5/4
⩽

ln2 x

x5/4
.

Èç ñõîäèìîñòè èíòåãðàëà

+∞w

3

ln2 x

x5/4
dx ñëåäóåò ïî ïðèçíàêó Âåéåð-

øòðàññà ðàâíîìåðíàÿ ñõîäèìîñòü äàííîãî èíòåãðàëà íà E.

26. Äîêàçàòü, ÷òî èíòåãðàë I(α) =

+∞w

0

sinαx

x
dx ñõîäèòñÿ ðàâ-

íîìåðíî ïî α íà ìíîæåñòâå E = [b,+∞), ãäå b > 0.

Ðåøåíèå. Ïóñòü G(t,α) =

tw

0

sinαx dx. Òîãäà

|G(t,α)| =
∣∣∣∣
cosαt− 1

α

∣∣∣∣ ⩽
2

b

äëÿ âñåõ t ∈ [0,+∞) è äëÿ âñåõ α ⩾ b. Êðîìå òîãî, 1/x → 0 ïðè
x → +∞, ïðè÷åì ôóíêöèÿ f(x) = 1/x ìîíîòîííà è íå çàâèñèò îò
α. Ïî ïðèçíàêó Äèðèõëå äàííûé èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî ïî
α íà ìíîæåñòâå [b,+∞), ãäå b > 0.

27. Äîêàçàòü, ÷òî èíòåãðàë I(α) ñõîäèòñÿ íåðàâíîìåðíî íà
ìíîæåñòâå E, åñëè:

1) I(α) =

+∞w

0

e−αx
2
dx, E = (0,+∞);

2) I(α) =

+∞w

0

sinαx

x
dx, E = [0, 1].
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